We investigate BPS solutions in ABJM theory on R × S 2 . We find new BPS solutions, which have nonzero angular momentum as well as nontrivial configurations of fluxes. Applying the "Higgsing procedure" of arXiv:0803.3218 around a 1/2-BPS solution of ABJM theory, one obtains N = 8 super Yang-Mills (SYM) on R × S 2 . We also show that other BPS solutions of the SYM can be obtained from BPS solutions of ABJM theory by this higgsing procedure.
Introduction
Superconformal Chern-Simons-matter (CSM) theories have been studied with considerable interest over the past few years. These theories have been studied in the context of M-theory and their possible relevance to the world-volume theory of multiple M2-branes was first discussed in [1] . The first explicit Lagrangian of such a CSM theory was BLG theory [2] [3] [4] [5] . This was a maximally supersymmetric N = 8 superconformal theory of fixed rank SU(2) × SU(2) coupled to matter fields transforming in the bi-fundamental of the two SU(2)'s. The Chern-Simons terms of the two SU(2)'s come with a relative negative sign. Even though the relevance of the BLG theory to M2-brane theory is not understood, CSM theories with lesser supersymmetry, sharing some of the above mentioned features of the BLG theory, have been proposed as the world-volume description of M2-branes in various backgrounds. In particular, a certain N = 6 superconformal CSM theory -ABJM theory -was proposed as the world-volume theory of multiple M2-branes on C 4 /Z k , where k is the Chern-Simons level [6] . For k = 1, 2, ABJM theory has N = 8 supersymmetries even though in the classical Lagrangian only N = 6 supersymmetries are manifest. The enhanced symmetry generators are realized in terms of monopole operators [6] [7] [8] .
Several checks have been done for this proposal. Firstly the moduli space of the theory has been shown to have the right geometry. In the case of ABJM theory, for instance, the moduli space is C 4 /Z k . Tests beyond getting the right moduli space have also been done. This includes the computation of the superconformal index of the theory and matching with results from supergravity [9] [10] [11] [12] [13] . Several CSM theories have been proposed to describe M2-branes in other backgrounds [14] [15] [16] [17] [18] [19] [20] [21] [22] .
One of the first checks of the relevance of these CSM theories to M-theory was performed in [23, 24] . In the case of M2-branes on C 4 /Z k , one can consider a limit in which we take the branes far away from the orbifold fixed point and simultaneously take small orbifold angle. In this limit the orbifold geometry can be well approximated by S 1 × R 7 .
This is the limit in which the M2-branes should be approximated by D2-branes, and therefore the CSM theory should be approximated by a super Yang-Mills theory (SYM).
Mukhi and Papageorgakis gave a field theory realization of this picture in BLG theory 1 .
By giving a vev to a scalar field, and taking the large v and large k limit with
held constant as the gauge coupling, it was shown that the CSM theory is approximated by N = 8 SYM on flat spacetime. This procedure was called the "novel Higgs mechanism". This was first done in the context of the maximally supersymmetric N = 8 BLG theory but carries over for ABJM theory as well [6] .
For the abelian versions of the theories, corresponding to a single D2 brane and single M2 brane, it can be explicitly seen that the ABJM at k = 1 can be rewritten as the SYM by simply compactifying one of the eight-scalar fields and dualizing it into a gauge field.
Of course, for the non-abelian theory, it is not possible to carry out a compactification directly at the level of the classical Lagrangian because the translation invariance along the transverse directions is not manifest in the Lagrangian. Also, since the SYM is interacting, one expects the SO(8) invariance to be manifest only at the strongly coupled IR fixed point of the SYM 2 . Therefore the Higgsing procedure is the only way in which one can see the M2 to D2 connection at the level of the classical Lagrangian.
Since ABJM theory is conformal there exists a conformal map which maps ABJM theory on flat spacetime to that on R×S 2 . Under this map the vacua of ABJM theory get mapped to time-dependent 1/2-BPS solutions on R×S 2 [27] . The novel Higgs mechanism was carried out around the vacua of the CSM theory on flat space and resulted in N = 8 SYM. It is worth asking what happens when we carry out the analogous procedure of the novel Higgs mechanism about the corresponding solutions of ABJM theory on R × S 2 .
In this case, it is naturally expected that we obtain N = 8 SYM 3 on R × S 2 , which preserves SU(2|4) symmetry (16 supersymmetries) and has been studied previously in the context of the plane wave (BMN) matrix model [28] , gauge/gravity duality [29, 30] and the large-N reduction of N = 4 SYM on R × S 3 [30] . Thermodynamic aspects of this SYM was studied in [31] while aspects related to integrability was studied in [32] .
In this paper, we first solve for BPS configurations in ABJM theory on R × S 2 .
In particular, we find general BPS solutions for diagonal configurations. Interestingly, the BPS solutions have non-trivial (t, θ, ϕ)-dependence on R × S 2 with nonzero angular 2 However, in [25] , it was shown that even in the non-abelian case the enhanced SO(8) invariance can be seen manifestly at the level of scattering amplitudes of the SYM. See also [26] .
3 N = 8 SYM on R × S 2 is no longer related to the N = 8 SYM on flat space because the theory is not conformal. momentum on S 2 as well as non-trivial flux, not only "magnetic flux" but also "electric flux", turned on. We then show that carrying out the Higgsing procedure around a 1/2-BPS solution of ABJM theory on R × S 2 leads to N = 8 SYM on R × S 2 . In this process, as in the flat space case, we observe an enhancement of the supersymmetry and the Rsymmetry, from 12 and SU(3) to 16 and SU(4), respectively 4 . We also comment on the mechanism of this enhancement. Furthermore we show that the theory around a nontrivial vacuum and a 1/2-BPS solution of N = 8 SYM on R×S 2 is also obtained by Higgsing the theory around another 1/2-BPS solution and a 1/4-BPS solution, respectively, of ABJM
The organization of this paper is as follows. In section 2, we write down the action, equations of motion and supersymmetries of ABJM theory on R × S 2 . In section 3, we solve for specific 1/2-BPS and 1/4-BPS solutions of this theory. In section 4, we then
show that higgsing around a 1/2-BPS solution of ABJM on R × S 2 leads to the N = 8 SYM on R × S 2 and make some comment on the symmetry enhancement. We also show that theories expanded around a nontrivial vacuum and a 1/2-BPS solution of N = 8 SYM on R × S 2 are obtained from ABJM theory. Section 5 is devoted to summary and discussion. There are four appendices in which we collect our notations and conventions used in the paper, give some details about the BPS solutions of ABJM theory on R × S 2 , present the action, supersymmetry transformations and vacuum solutions of the N = 8 SYM on R × S 2 and give some details about the representation of the R-symmetry of fermions in ABJM theory and SYM.
ABJM on R × S 2
In this section we write down the action, equations of motion and supersymmetry transformations of ABJM theory on R × S 2 with Minkowski signature (− + +).
The field content of ABJM theory is the following: two gauge fields A (1) and A The action of ABJM theory on R × S 2 is given by 
where ω ab is the spin connection of R × S 2 . In appendix A, we gather our conventions of the metric and the spinor used in this paper. Equations of motion for the bosonic fields with ψ A = 0, which are relevant for the following discussion, are given by
We can show that the action (2.1) is invariant under the following supersymmetry
where
ξ AB are supersymmetry parameters, which are (1 + 2)-dimensional Majorana spinors and antisymmetric in A and B (i.e. 6 of SU(4) R ), ξ AB = −ξ BA , and satisfy the conformal Killing spinor equations,
Hereafter we denote ξ AB satisfying the upper and lower signs in (2.6) by ξ AB and satisfy
AB are related to the complex conjugate of ξ 
1/2-BPS solution
We first look for 1/2-BPS solutions of ABJM theory on R × S 2 [27, 33, 34] . Let us consider the equation given by
where ξ
AB is explicitly given in (2.8). Since the equations of motion for the gauge fields imply F
mn , we can take a gauge in which
so that D m becomes ∂ m in (3.1). Now, we look for BPS solutions preserving SU(3) of the SU(4) R-symmetry. Such a configuration is obtained by imposing
where A ′ , B ′ , · · · = 1, 2, 3 and the second line of (3.3) is the complex conjugate of the first line. This is a 1/2-BPS condition. Then, (3.1) reduces to the equations for the scalars
Therefore, a 1/2-BPS solution for the scalar fields is given by
where v is a complex constant. This solution breaks SU(4) R-symmetry to SU(3). It turns out from the equations of motion of the gauge fields in (2.3) that the gauge fluxes take the form
Flux quantization condition;
leads to the quantization of v;
where q ∈ Z ≥0 /2. One can easily solve (3.6) locally in terms of gauge fields by introducing two patches on S 2 ;
where we have taken A
1 = 0 gauge. The upper and lower signs in the third line correspond to the region I (0 ≤ θ < π) and the region II (0 < θ ≤ π), respectively. For each patch, gauge fields are well-defined. This gauge field configuration is nothing but the Dirac monopole with the monopole charge q. In the overlap region, the configurations on the region I and the region II are related by the gauge transformation
which is single value since q ∈ Z/2.
As discussed in [6] , even after gauge fixing ABJM theory, there is a discrete redundant gauge symmetry left, which results in the following identification of scalar fields:
For the 1/2-BPS solutions (3.5) and (3.9), we can calculate the energy E and the R-charge J 4 (the charge corresponding to the rotation of the phase of Y 4 );
where a ′ = 1, 2. Note that the solution saturates the following BPS bound
1/4-BPS solution
Next, we will find 1/4-BPS solutions. In addition to the 1/2-BPS condition (3.3) we further impose the following conditions 14) where the second condition is the complex conjugate of the first, so this gives rise to a 1/4-BPS condition. In this case, (2.8) becomes
Substituting this into (3.1), we obtain the following conditions for the scalars
The 1 2 in the right-hand side is due to our R-charge assignment.
It is easily seen that
)µt solves the above equation as well as the equation of motion. So the general solution of the scalar fields is given by
where n is an integer in the range of 0 ≤ n ≤ k − 1 and v p are complex constants. When p is an integer, sin p θe ipϕ is the spherical Harmonics of l = m = p, Y pp (θ, ϕ). Here we have chosen p in such a way that the solution is regular at θ = 0, π and single-valued with (3.11) under the shift ϕ → ϕ + 2π. As in the 1/2-BPS case, the 1/4-BPS solution (3.17) breaks SU(4) R-symmetry to SU (3) . From the equations of motion of the gauge fields in (2.3), one can compute the gauge fluxes as
Thus, in the general 1/4-BPS solutions determined by (3.3) and (3.14) , in contrast to the 1/2-BPS case, not only F
0a ′ (a ′ = 1, 2) are nonzero and furthermore they have nontrivial (t, θ, ϕ) dependence. The quantization condition of the flux requires 2π µk
where q ∈ Z ≥0 /2. So v p are given by
where In the overlap region, one can transform the configurations of the gauge fields (3.22) from one to the other by the transition function
Note that
The solution with n = 0 and v l = 0 for l ≥ 1 is the 1/2-BPS solution discussed in the previous subsection.
Finally, we calculate charges for the 1/4-BPS solutions. In addition to the energy and the R-charge computed in the 1/2-BPS case, 1/4-BPS solutions have nonzero momentum along ϕ direction,
= 2kq,
So the 1/4-BPS solution satisfies the following BPS bound
In this section we "Higgs" ABJM theory on R × S 2 around a 1/2-BPS solution following the procedure first discussed in [23] . In [23] Here we will show that when a similar procedure is carried out around a 1/2-BPS solution in ABJM theory on R × S 2 , the action reduces to N = 8 SYM on R × S 2 , which has interesting features such as the existence of many discrete vacua, a mass gap and SU(2|4) symmetry (16 supercharges) 7 . Some details of N = 8 SYM on R × S 2 are summarized in appendix C. Since N = 8 SYM in three dimensions is not conformal, the theory on R × S 2 is not related to that on R 3 in any simple way, unlike ABJM theory. It should be noted that the theory expanded around a 1/2-BPS solution of ABJM theory on R × S 2 has 12 supersymmetries and SU(3) R-symmetry while N = 8 SYM on 7 In the abelian case, the relation between the theory of a single M2-brane and the abelian SYM on R × S 2 has been discussed in [35] .
R × S 2 has 16 supersymmetries and SU(4) R-symmetry, so in the Higgsing we will see the enhancement of the R-symmetry as well as the number of supersymmetries.
4.1 N = 8 SYM on R × S 2 around trivial vacuum
We first consider U(N) × U(N) ABJM theory on R × S 2 and expand it around the following 1/2-BPS background, which is proportional to unit matrix:
where v = µk 2π
q. We have chosen v to be real by using U(1) b symmetry. We expand the fields in (2.1) around (4.1) as
where the hat denotes the background. The limit in which the ABJM theory reduces to SYM is
where g will be identified with the gauge coupling of N = 8 SYM on R × S 2 shortly 8 . In this limit, the backgroundsŶ 4 ,Â (1) andÂ (2) are O(k). To proceed with the computation, it is convenient to rewrite the gauge fields as follows
It turns out that in the limit (4.3) B m becomes auxiliary fields and can be integrated out while A m becomes dynamical and will be identified with the gauge field of SYM.
8 The fact that g 2 is identified with
as in the BLG case is a matter of notation, and one can go from one to the other by scaling fields by appropriate factors of k.
bosonic part
Ignoring the terms of O(k −1 ), we obtain
where 
we finally get
To obtain this expression, we have integrated by parts and used Bianchi identity ǫ abc D 
Then the kinetic term of ABJM theory becomes
Note that ψ A here is the fermion field of the SYM and becomes adjoint field in U(N). We now come to the quartic terms, the last two lines in (2.1). By the Higgsing those terms reduce to Tr 2ie
where X AB are defined in (4.6).
In what follows, we see that these two, (4.9) and (4.10), can be rewritten in SU (4) symmetric form and are indeed the fermionic part of N = 8 SYM. First we absorb the time-dependence appearing in (4.10) by the following redefinition
By this, the kinetic term yields mass terms
Next, in order to see the SU(4) invariance of the action, we regard ψ 4 (ψ †4 ) which transforms as the forth-component of 4 (4) of SU(4) in ABJM theory as the field which transforms as the forth-component of4 (4) . Namely, we interchange ψ 4 and ψ †4 ;
The reason of this interchange is explained below. Then (4.10) and (4.12) are rewritten in SU(4) symmetric form as
14)
The precise correspondence with the form of N = 8 SYM on R × S 2 given in appendix C can be seen by performing the following replacements: µ → −µ, φ → −φ, ψ A → γ 
where S 3 is viewed as S 1 fiber over S 2 [29] . It is interesting to note the different origin of the scalar field φ and the mass terms from this viewpoint. In this construction, the scalar field φ in N = 8 SYM on R × S 2 originates from the gauge field along the fiber direction in N = 4 SYM on R × S 3 (/Z n ) and the mass term of the scalar φ and that of the fermions from the difference of the spin connection of S 3 and S 2 .
One can also carry out the higgsing procedure directly at the level of the super-symmetry transformations of ABJM theory and show that it reduces to a subset of the full supersymmetry transformations of the SYM 9 . The supersymmetry transformation of ABJM theory (2.4) reduces to that of N = 8 SYM (C.2) by There is a simple way to understand how this enhancement happens during the process of Higgsing. The effect of the Higgsing can be summarized by some "effective higgsing rules", as was done for the BLG case [37] . In particular, under the Higgsing procedure, the bi-fundamental covariant derivative action on fields 
The conserved currents associated to the SO(6) symmetry of the SYM would be :
The additional currents which arise in the SYM limit descend from operators which were not gauge invariant observables in ABJM theory. They become gauge invariant, after
Higgsing, under the gauge transformations of the reduced gauge group. This discussion carries over to the enhancement of supercurrents as well.
N = 8 SYM on R × S 2 around nontrivial vacua
We can also obtain N = 8 SYM on R × S 2 expanded around a nontrivial vacuum, which is presented in appendix C. To see this, let us choose a more general 1/2-BPS background, which is diagonal but not proportional to unit matrix; 
In the limit (4.3), v i − v becomes
and so is regarded as the background of the fluctuation. Under the Higgsing around (4.18), ABJM theory on R × S 2 , therefore, reduces to N = 8 SYM on R × S 2 expanded around φ = µdiag(q 1 , q 2 , · · · , q N ), X AB = 0, 
In particular, we first take a solution with n = 0, namely p = l ∈ Z ≥0 . The gauge field configuration is also diagonal and each component is given by (3.22) with v p replaced by v il for each component. In particular, we choose v il as
where q and q i0 are positive half-integers and β il are real constants with l≥0 β il = 0. c l is defined in (3.21) and α il are real constants. ABJM theory around this background is the same as the one around the background (4.1) with the fluctuation of 
So, the theory we finally get is N = 8 SYM on R × S 2 around
The field strength for the above gauge field configuration is give by One can also carry out the Higgsing to a solution with n = 0 in (4.23). In the same manner as before, we take v ip (p ∈ Z ≥0 + n k ) as
10 As discussed in [35] (also in [30] ), the plane wave (BMN) matrix model can be regarded as a matrix regularization of N = 8 SYM on R × S 2 . So, there should be 1/2-BPS solutions in the plane wave matrix model corresponding to (4.28) . Indeed one of 1/2-BPS solutions in the plane wave matrix model studied in [38] seems to correspond to (4.28) . The effect of n( = 0) results in extra terms being added to the previous result. For instance, in the k → ∞ limit, sin n k θ is approximated as sin
, which is valid except at θ = 0 and π, and v i(l+ n k ) can be regarded as v il in (4.24) times a constant:
Then, (4.23) with n = 0 reduces to, except at θ = 0 and π,
(4.33)
The second term is the new term arising due to the nonzero n. One can easily carry out the same calculations for the gauge field configurations. Thus the configurations in the SYM obtained from the 1/4-BPS solutions with nonzero n of ABJM theory via the Higgsing are
The field strength for the above gauge field configuration is give by
Note that the terms proportional to n appearing in F 01 and A 0 can be regarded as analogue on R × S 2 of the Callan-Maldacena solution on flat space [39] , which describes a bound state of fundamental strings and D2-branes. This part in the solution represents n fundamental strings attaching D2-branes on the north pole (θ = 0) and the south pole (θ = π). The behavior around them indeed matches with the solution [40] . On the other hand, the expressions for F 12 and A 2 are specific to the analysis on R × S 2 . F 12 is singular at θ = 0 and θ = π but A 2 is not. Note also that the integral of the new term in F 12 over S 2 vanishes as well as that of the terms of l ≥ 1, so the flux quantization condition is just 1 2πµ 2 S 2 (F 12 ) ii = 2q i0 ∈ Z, which is consistent with that in ABJM theory.
Summary and Discussion
In summary, we have solved BPS equations of ABJM theory on R × S torus". These solutions should be dual to the class of solutions we construct in this paper with nonzero P ϕ and J 4 corresponding to the nonzero spin and the angular momentum, respectively, in the bulk.
In a forthcoming paper [42] , we will classify the space of solutions on the bulk side, which includes the giant torus solution, in terms of intersections of holomorphic surfaces with the target space, following [43, 44] and then using the methods given in [45] [46] [47] we will compare and match with a similar classification on the space of boundary solutions presented here.
where µ −1 is the radius of S 2 . We take the local Lorentz frame as
Then the spin connection is calculated as
We take SO(1, 2) gamma matrices, which satisfy {γ a , γ b } = 2η ab , as
where σ x,y,z are Pauli matrices. Note that 
The gamma matrices with two upper indices and two lower indices are symmetric: (γ a ) αβ = (γ a ) βα and (γ a ) αβ = (γ a ) βα . We abbreviate the spinor indices for the following contractions:
B BPS solutions
In this appendix, we summarize the BPS solutions of U(1) × U(1) ABJM theory (k > 2) with respect to the cases in which η 
AB is given by Table   1 . From (3.1) one can easily get the BPS configurations of scalar fields for each case and then those of gauge fields from (2.3). Below we show the BPS solutions of scalar fields for each case.
In the case (i) with (B.2) and (B.3), (3.1) reduces to the following equations:
where A = 1, 4 and A = 2, 3. These are easily solved as C N = 8 SYM on R × S
2
In this appendix, we summarize N = 8 SYM on R × S 2 . The action of N = 8 SYM on R × S 2 is given by 
